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Superradiant lasers based on atomic ensembles exhibiting ultra-narrow optical transitions can emit
light of unprecedented spectral purity and may serve as active atomic clocks. We consider two
frequency-detuned active atomic clocks, which are coupled in a cascaded setup, i.e. as master &
slave lasers, and study the synchronization of the slave to the master clock. In a setup where both
atomic ensembles are coupled to a common cavity mode such synchronization phenomena have
been predicted by Xu et al. [Phys. Rev. Lett. 113, 154101 (2014)] and experimentally observed
by Weiner et al. [arXiv:1503.06464 (2015)]. Here we demonstrate that synchronization still occurs
in cascaded setups but exhibits distinctly different phase diagrams. We study the characteristics of
synchronization in comparison to the case of coupling through a common cavity. We also consider
synchronization through a classical channel where light of the master laser is measured phase sen-
sitively and the slave laser is injection locked by feedback and compare to the results achievable by
coupling through quantum channels.
I. INTRODUCTION
Atomic clocks based on optical transitions already
achieve record precisions with fractional uncertainties of
10−18 [1] and offer great potential for further improve-
ments [2]. Notably, current optical clocks are limited
in precision by the instability of the laser used for in-
terrogating the atomic reference system rather than by
the linewidth of the clock transition [3]. In order to
overcome this limitation the concept of an active atomic
clock has been suggested where a lattice of cold atoms
with ultra-narrow clock transition itself serves as a laser
gain medium resulting in radiation with extremely nar-
row linewidth in the mHz regime [4–8]. This would rem-
edy the need to reference an external laser to an atomic
clock transition.
An active clock laser operates in regime with inverted
timescales as compared to a normal laser [4]: In the
usual case atoms are pumped incoherently faster than
the laser cavity decays. The cavity amplitude then am-
plifies through stimulated emission only those frequencies
which fit within the cavity linewidth. In an active clock
laser the atoms are are pumped incoherently much slower
than the cavity decays. Due to the long lifetime of atomic
coherences correlations between the atoms build up giv-
ing to a collectively enhanced, superradiant emission into
the cavity. The correlations between the atoms result in
a linewidth of the output light which is on the order of
the one of the atomic transition itself.
Such a superradiant laser exhibits further remarkable
properties: Recently it was shown by Xu et al. [9] and ex-
perimentally demonstrated by Weiner et al. [10] that two
frequency-detuned atom-ensembles coupling to the same
cavity mode operated in the superradiant regime syn-
chronize in a large parameter regime; they radiate at the
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mean frequency while preserving the narrow linewidth.
For larger detuning the ensembles will cross through a
phase transition separating the synchronized from the
unsynchronized phase and then behave like two indepen-
dent superradiant lasers at their natural frequency. The
synchronization dynamics of superradiant lasers serving
as active atomic clocks receives particular importance in
the perspective of quantum networks of atomic clocks
as envisioned in [11] for enhanced positioning, naviga-
tion and geodesy. However, the results of [9, 10] cannot
be directly applied to the context of synchronization of
remote atomic clocks as the two atomic ensembles are
coupled to a common cavity mode.
In the present work we extend the analysis of [9] and
consider two remote superradiant lasers coupled through
an optical channel in the cascaded configuration of a mas-
ter and a slave laser. We determine the phase diagram of
synchronization in a cascaded setup and determine the
parallels and differences to the case of a setup with sym-
metric coupling studied in [9, 10]. In short, our findings
are: synchronization still occurs in a cascaded configura-
tion but the common frequency will always be the one
of the master laser in this case. Furthermore, for sym-
metric coupling the two ensembles in the synchronized
phase radiate as one ensemble with 2N atoms. This does
not occur so in the cascaded setup resulting in changes
in the synchronization phase diagram. In either case the
linewidth of radiation is the same.
The synchronization of quantum systems has been the
subject of several theoretical studies lately [12–16]. De-
spite these efforts there is no clear measure to distinguish
genuine quantum synchronization of quantum systems
and from a classical synchronization of quantum systems.
In order to compare the two scenarios in the present con-
text we further extend our analysis and consider toy mod-
els where the two lasers are locked to each other through
a classical channel, that is, a measurement and feedback
procedure. We study both cascaded and symmetric cou-
plings through (idealized) classical channels and compare
ar
X
iv
:1
60
8.
01
87
2v
2 
 [q
ua
nt-
ph
]  
1 S
ep
 20
16
2aˆ
Pumping
w
Spectrometer
κ
ν + δ2 ν − δ2
A B
e
g
e
g
FIG. 1. Two ensembles of two level systems (A and B) cou-
pling to the same cavity mode aˆ, as considered in [9]. The
frequencies of the transitions |g〉 ↔ |e〉 are detuned by ±δ/2
from the cavity resonance at frequency ν for ensemble A and
B respectively. Atoms are pumped incoherently from |g〉 to
|e〉 via a third fast decaying level (not shown in level scheme)
at rate w and decay from |e〉 to |g〉 predominantly through
the cavity. The cavity decays at rate κ.
to the results achieved through a quantum channel. In
particular we discuss the impact on the linewidth.
The article is organized as indicated in the following
table:
Symmetric coupling Cascaded setup
Quantum channel Review of [9], Sec. II A Sec. II B
Classical channel Sec. III B Sec. III A
II. SYNCHRONIZATION THROUGH
QUANTUM CHANNELS
A. Synchronization of Two Atomic Ensembles in a
Common Cavity
In this section we will briefly review the setup, meth-
ods, and results of Xu et al. [9]. We aim to present a suf-
ficient level of detail in order to provide a self-contained
derivation of the results going beyond the work of Xu et
al. in the later sections. For more details we refer to the
excellent presentation in [9]. The setup in Fig. 1 consists
of two ensembles of atoms A and B, each containing N
atoms, placed in the same cavity. Atoms are assumed to
have two relevant internal levels |g〉 and |e〉. The tran-
sition frequencies of atoms in ensemble A and B have a
relative frequency detuning of δ while all atoms within
each ensemble are assumed to be frequency degenerate.
The transition |g〉 ↔ |e〉 couples to the cavity mode aˆ
with a single photon Rabi frequency Ω/2. Ensemble A
is detuned from the cavity resonance by δ/2 and ensem-
ble B by −δ/2. The cavity linewidth is κ, and we will
ultimately assume the bad cavity limit such that the as-
sumptions regarding the detuning of atoms from cavity
resonance are insignificant. Atoms decay from |e〉 to |g〉
into free space with rate γs and dephase with rate T
−1
2 ,
and at the same time they are incoherently repumped
from |g〉 to |e〉 with the rate w (e.g. through an already
eliminated third level). In a rotating frame at the cavity
frequency the system is described by the Lindblad master
equation
ρ˙ = −i
[
δ
2
(
JˆzA − JˆzB
)
+
Ω
2
(
aˆ†(Jˆ−A + Jˆ
−
B ) + h.c.
)
, ρ
]
+ κD [aˆ] ρ+
∑
T=A,B
j=1...N
(
γsD
[
σˆ−T,j
]
+ wD
[
σˆ+T,j
])
ρ. (1)
σˆzT,j and σˆ
±
T,j are the usual Pauli matrices for the
|g〉 ↔ |e〉 transition for atom j ∈ {1 . . . N} in ensem-
ble T ∈ {A,B}. We use the collective spin operators
Jˆ±T :=
∑N
i=1 σˆ
±
T,i, Jˆ
z
T :=
1
2
∑N
i=1 σˆ
z
T,i, and the Lindblad
superoperator D [A] ρ := AρA† − 12
[
A†A, ρ
]
+
. Steady
state superradiance is achieved with a dominating cavity
decay κ  w, which is inverted compared to an ordi-
nary laser where the pumping dominates w  κ. The
fast decay of the cavity with rate κ compared to all other
timescales in the system allows for an adiabatic elimina-
tion of the cavity mode
aˆ ' − iΩ
κ+ iδ
Jˆ−A −
iΩ
κ− iδ Jˆ
−
B ≈ −
iΩ
κ
(Jˆ−A + Jˆ
−
B ), (2)
where we used the approximation that the detuning
δ  κ is small compared to the cavity linewidth. Af-
ter adiabatic elimination the decay of the cavity κD [aˆ] ρ
translates to a collective decay of the atoms γD[Jˆ−]ρ at
rate γ = Ω2/κ. The decay into the cavity mode is en-
hanced by a factor of N and dominates the decay process
[5], i.e. γN  γs, T−12 , allowing us to drop the emission
into free space and the dephasing
ρ˙ = − iδ
2
[
JˆzA − JˆzB , ρ
]
+ γD
[
Jˆ−A + J
−
B
]
ρ
+
∑
T=A,B
j=1...N
wD
[
σˆ+T,j
]
ρ. (3)
This dynamics can be solved in a mean field approx-
imation with respect to the mean polarization of atoms
along z, as developed in Refs. [9] and [4, 5]. Due to the
symmetry of (3) all expectation values of Pauli operators
must be symmetric under exchange of the particles in
each ensemble. Additionally, the differential equations of
the expectation values involving only one ensemble are in-
dependent of δ and therefore identical for both ensembles,
allowing us to drop unnecessary indices 〈σˆ±,z〉 = 〈σˆ±,zA,i 〉,
〈σˆ+1 σˆ−2 〉 = 〈σˆ+A,iσˆ−A,j〉 = 〈σˆ+B,iσˆ−B,j〉 ∀i 6= j and 〈σˆ+A σˆ−B〉 =
〈σˆ+A,nσˆ−B,m〉 ∀n,m. Exploiting the symmetry of the mas-
ter equation it holds 〈σˆ±T,i〉 = 0. In order to arrive at a
closed set of differential equations third order cumulants
are set to zero [5, 9] factorizing third order moments into
first and second order moments. Additionally we ap-
proximate 〈σˆzA,1σˆzA,2〉 ≈ 〈σˆz〉2, which holds true outside
of the regime of very weak pumping w < γ, T−12 , γs [9].
The mean polarization in stationary state in leading or-
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FIG. 2. Effective detuning ∆ between the spectral peaks of
light emerging from the laser cavity versus detuning δ between
the bare transition frequencies of the two ensembles. For δ <
w, the rate of incoherent pumping of atoms, the two peaks
coalesce signifying synchronization of atoms. The dashed line
is ∆ = δ and is approached asymptotically for δ  w.
der 1/N is found to be
〈σˆz〉 =

min
(
w2 + δ2
2wNγ
, 1
)
, 0 ≤ δ < w
min
(
w
Nγ
, 1
)
, δ ≥ w
. (4)
The synchronization of the two ensembles is witnessed
by the spectrum of light emitted from the cavity which
is given by the Fourier transform of the two-time correla-
tion function 〈aˆ†(τ)aˆ(0)〉 of the intra-cavity field. In view
of Eq. (2) this requires evaluation of the two-time corre-
lations of atomic dipoles, which can be done by means
of the quantum regression theorem. For later reference
we explicitly state the corresponding equations of motion
for atomic two-time correlation functions,
d
dτ
( 〈σˆ+A(τ)σˆ−B (0)〉
〈σˆ+1 (τ)σˆ−2 (0)〉
)
=
1
2
(
X Y
Y X∗
)( 〈σˆ+A(τ)σˆ−B (0)〉
〈σˆ+1 (τ)σˆ−2 (0)〉
)
(5)
where X = γ(N − 1)〈σˆz〉− γ−w+ iδ, and Y = Nγ〈σˆz〉,
cf. Eq. (8) in [9]. The two-time correlation functions,
the solution of (5), consists of linear combinations of
exp (− (Γ0 ± x0) τ/2), where Γ0 := w−γ(N−1)〈σˆz〉+γ,
and x0 :=
√
(Nγ〈σˆz〉)2 − δ2. For δ  w this corresponds
to two components oscillating at frequencies ±δ/2 and
decaying at rate Γ0. The spectrum thus consists of two
separate peaks of width Γ0 at the bare transitions fre-
quency ν± δ/2 of each ensemble. For smaller detuning δ
the coupled dynamics of the two ensembles of atoms first
exhibits frequency pulling giving rise an effective detun-
ing ∆ < δ between the two peaks as long as δ > w,
cf. Fig. 2. For δ < w the two peaks merge and the
two ensembles radiate at the same frequency signifying
synchronization. The corresponding widths are given by
Γ/γ =

w2 + δ2
2wNγ
+ 1, 0 ≤ δ < w
w
Nγ
+ 1, δ ≥ w
(6)
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FIG. 3. (a) Non-vanishing inter-ensemble correlations
Re[〈σˆ+A σˆ−B〉] outline the synchronized parameter regime. The
dashed line w = δ separates the synchronized from the unsyn-
chronized superradiant regime. (b) shows the inner-ensemble
correlations 〈σˆ+1 σˆ−2 〉 equal for both ensembles. For detuning
smaller than the incoherent pumping rate δ < w both ensem-
bles are synchronized and the critical pumping rate is moved
from w = Nγ for δ > wξ to w = 2Nγ for δ = 0. Both plots
use Nγ = 106Hz.
in the superradiant regime, which is upper bounded by
〈σˆz〉 < 1 using (4).
Synchronization of the two active atomic clocks phys-
ically means that the collective atomic dipoles oscillate
in phase. This corresponds to a large non-zero average
value of 〈~σ⊥A · ~σ⊥B〉 where σ⊥A(B) denotes the spin compo-
nent transverse to the mean polarization along z for en-
semble A(B) (each of which is zero on average in steady
state, 〈σ⊥A(B)〉 = 0). It is straight forward to check that
〈~σ⊥A · ~σ⊥B〉 = 4 Re[〈σˆ+A σˆ−B〉] such that these inter-ensemble
correlations can also be directly used as a measure for
synchronization [17]. It is instructive to directly look at
this quantity in its dependence on the pumping w and the
bare detuning δ, see Fig. 3a. The regime of synchroniza-
tion is clearly visible as the regime of non-vanishing inter-
4ensemble correlations. This regime is bounded by w = δ
and the quarter circle (w−Nγ)2+δ2 = (Nγ)2, which can
be derived from (4). The synchronization can be under-
stood as nothing else but the transition from two inde-
pendent superradiant ensembles δ  w to one superradi-
ant ensemble with 2N particles for δ = 0. For δ  w the
superradiance is visible in non-vanishing inner-ensemble
correlations 〈~σ⊥1 · ~σ⊥2 〉 = 4〈σˆ+1 σˆ−2 〉 (see Fig. 3b) and their
independence in vanishing inter-ensemble correlations.
Decreasing δ into the synchronized regime inter-ensemble
correlations build up, approaching the inner-ensemble
correlations, until δ = 0 where there is no difference be-
tween both ensembles and 〈σˆ+A σˆ−B〉 = 〈σˆ+1 σˆ−2 〉. The ad-
ditional inter-ensemble correlations in the synchronized
regime make the the collective spin ~JA + ~JB more ro-
bust against noise and move the critical pumping rate
for the phase transition between superradiant emission
and chaotic light to w = 2Nγ for δ = 0.
The overall photon flux emerging from the cavity is,
for large N ,〈
aˆ†outaˆout
〉
≈ 2γN2 (〈σˆ+1 σˆ−2 〉+ Re [〈σˆ+A σˆ−B〉]) ,
which follows from Eq. (2) and the input-output rela-
tion aˆout = aˆin +
√
κaˆ [18]. For δ = 0 the photon flux
scales proportional to (2N)2, as one would expect of one
ensemble with 2N atoms, and scales with 2N2 for two
independent ensembles each with N atoms.
B. Two Atomic Ensembles in Separate Cascaded
Cavities
Next we are going to consider an alternative setup
where the two atomic ensembles are kept in separate cav-
ities which are coupled unidirectionally: Light emerging
from the cavity containing ensemble A is channeled to
the second cavity containing ensemble B, but no light of
the latter cavity reaches the first one, cf. Fig. 4. This
setup is inherently different from the symmetric configu-
ration in the previous section, and it is unclear if or which
synchronization behavior still occurs. What is clear is
that the properties of light emitted by ensemble A will
be completely unaffected by ensemble B downstream. It
is therefore advantageous to assume that the transition
frequency of atoms in ensemble A is ν and the one of
atoms in ensemble B is ν − δ as indicated in Fig. 4. The
cavity frequencies are assumed to be equal to ν, but this
assumption is insignificant in the bad cavity limit.
The dynamics in this setup is described by means of
a cascaded systems master equation [18]. In a rotating
frame it is given by
ρ˙ = −i
[
Ω
2
(
J+A aˆ+ J
−
A aˆ
† + J+B bˆ+ J
−
B bˆ
†
)
− δJzB , ρ
]
+ w
∑
T=A,B
i=1...N
D
[
σˆ+T,i
]
ρ+
κ
2
[
aˆ†bˆ− bˆ†aˆ, ρ
]
+ κD
[
aˆ+ bˆ
]
ρ,
(7)
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FIG. 4. Two ensembles of two level systems (A and B) cou-
pling to the cavity modes aˆ, bˆ respectively. The transition fre-
quencies |g〉 ↔ |e〉 of ensemble A and the cavity frequencies
aˆ, bˆ are ν, while ensemble B’s transition frequency is detuned
by −δ. Atoms are pumped incoherently from |g〉 to |e〉 via a
third fast decaying level (not shown in level scheme) at rate
w and decay from |e〉 to |g〉 predominantly through the cav-
ity. The cavities decay with rate κ and the output of cavity
aˆ is directly injected into cavity bˆ. The output of cavity bˆ
is diverted into a spectrometer and not into cavity aˆ using a
lossless Faraday rotator.
The atomic ensembles A and B are coupled to their re-
spective cavity modes aˆ and bˆ with single-photon Rabi
frequency Ω/2, and are pumped incoherently at the rate
w to their excited states |e〉. We dropped already the
spontaneous emission into free space and the dephasing,
knowing the enhanced decay into the cavity modes aˆ and
bˆ dominate the decay processes, as in the previous sec-
tion. The last two terms describe the cascaded, unidirec-
tional coupling and decay of the cavity modes at rate κ,
cf. [18].
As in section II A the cavity decay is assumed to be
the fastest timescale in the system κ Ω, w, allowing us
to adiabatically eliminate the cavity fields which yields
here
aˆ ' Ω
iκ
J−A , bˆ '
Ω
iκ
(
J−B − 2J−A
)
. (8)
The effective master equation for atoms is
ρ˙ = iδ [JzB , ρ] + w
∑
T,j
D
[
σˆ+T,i
]
ρ
− γ
2
[
J+AJ
−
B − J+BJ−A , ρ
]
+ γD [J−A − J−B ] ρ (9)
with γ = Ω2/κ. Comparing this equation to (3) in the
previous section we see that the decay of the two ensem-
bles still happens collectively, despite the relative sign.
The additional effective Hamiltonian term describes uni-
directional character of the coupling as in Eq. (7).
The master equation implies the following equations of
5motion for the expectation values
∂t 〈σˆzA〉 = −〈σˆzA〉 (γ + w)− 2γ (N − 1) 〈σˆ+A σˆ−A〉
− γ + w
∂t〈σˆ+A σˆ−A〉 = −〈σˆ+A σˆ−A〉 (γ + w − γ 〈σˆzA〉 (N − 2))
+
γ
2
〈σˆzA〉 (〈σˆzA〉+ 1)
∂t 〈σˆzB〉 = −〈σˆzB〉 (γ + w)− 2γ (N − 1) 〈σˆ+B σˆ−B〉
− γ + w + 4γN Re [〈σˆ+A σˆ−B〉]
∂t〈σˆ+B σˆ−B〉 = −〈σˆ+B σˆ−B〉 (γ + w − γ 〈σˆzB〉 (N − 2))
+
γ
2
〈σˆzB〉 (〈σˆzB〉+ 1)
− 2γN 〈σˆzB〉 Re
[〈σˆ+A σˆ−B〉]
∂t〈σˆ+A σˆ−B〉 = 〈σˆ+A σˆ−B〉γ (N − 1) (〈σˆzA〉+ 〈σˆzB〉) /2
+ 〈σˆ+A σˆ−B〉 (iδ − γ − w)−
γ
2
〈σˆzB〉 〈σˆzA〉
− γ
2
〈σˆzB〉
(
2〈σˆ+A σˆ−A〉 (N − 1) + 1
)
, (10)
where we used the symmetry of (9) to introduce the ab-
breviations 〈σˆzA〉 := 〈σˆzA,i〉, 〈σˆzB〉 := 〈σˆzB,i〉, 〈σˆ+A σˆ−A〉 =
〈σˆ+A,iσˆ−A,j〉, 〈σˆ+B σˆ−B〉 = 〈σˆ+B,iσˆ−B,j〉 for i 6= j, and 〈σˆ+A σˆ−B〉 =
〈σˆ+A,mσˆ−B,n〉. Note that the symmetry between A and B
is broken in the cascaded setup. In (10) we also fac-
torized occurrences of the mean field 〈σˆzA(B)〉, which we
validated using small system numerical solutions of (7)
using QuTiP [19]. The steady state solution can be ob-
tained by setting all time-derivatives on the left hand
sides equal to zero and solving the algebraic equations.
The first two equations involving only ensemble A can be
solved independently of ensemble B, as expected in view
of the cascaded setup. The remaining equations can be
reduced to a polynomial equation of fourth order, which
can be solved exactly and used for analytical results up
to leading order in 1/N . In order to obtain numerical
results it is easier and faster to solve the system (10)
numerically and select the stable solution by linearizing
(10) around each solution.
The spectrum follows again from the Fourier transform
of the two-time correlation functions which we calculate
using the quantum regression theorem,
d
dτ
( 〈σˆ+A(τ)σˆ−T (0)〉
〈σˆ+B(τ)σˆ−T (0)〉
)
=
1
2
(
X 0
Y X ′
)( 〈σˆ+A(τ)σˆ−T (0)〉
〈σˆ+B(τ)σˆ−T (0)〉
)
(11)
with T = A,B and
X = γ(N − 1) 〈σˆzA〉 − γ − w
X ′ = γ(N − 1) 〈σˆzB〉 − γ − w − 2iδ
Y = −2Nγ 〈σˆzB〉 .
The normalized spectrum of the field emerging from
cavity bˆ is
Snorm(ω) :=
1
2piI
∫
dτ exp (−iωτ) 〈bˆ†out(τ)bˆout(0)〉
FIG. 5. (Main plot): Snorm(ω = ν) is the photon flux at the
resonance frequency ν of ensemble A. Since ensemble A is
independent of δ any change with δ comes from ensemble B
also at frequency ν. For decreasing δ ensemble B radiates
stronger on the injected frequency ν and less at it’s resonance
frequency ν − δ. For δ < w ensemble B radiates dominantly
on the injected frequency ν and decreasing δ further does
not change this, resulting in the plateau of Snorm(ω = ν).
(Inset): The normalized spectrum Snorm(ω) for multiple de-
tunings δ/Nγ = 1.5, 1, 0.5, 0 shows a suppression of the peak
at ν − δ for decreasing detuning δ, while the Lorentz peak at
ν rises until ensemble B is radiating dominantly at ν. Both
plots use for the parameters Nγ = 10 kHz and w = 0.5Nγ.
which can be evaluated using the input-output relation
for cascaded systems [18]
bˆout = aˆin +
√
κ(aˆ+ bˆ). (12)
and Eq. (8) . The normalization factor is I = 〈bˆ†outbˆout〉.
The peaks in Snorm(ω) are always located at the bare
transition frequencies ν and ν − δ of of ensemble A and
B respectively which does not hint at synchronization
effects. Synchronization becomes visible in the regime
δ < w < Nγ via a change of relative peak heights, as
illustrated in Fig. 5 Inset, which is qualitatively differ-
ent from the frequency pulling in section II A. For fixed
pumping w in the superradiant regime [4] γ < w < Nγ
we can distinguish different regimes for δ
δ  w: Ensembles A and B radiate only at their own
resonance frequency ν, ν−δ respectively with equal
intensity.
δ ≥ w: Ensemble A is unaffected by any change in δ and
radiates at ν, but ensemble B radiates at two fre-
quencies ν and ν − δ. This leads to an increasing
total intensity at frequency ν, cf. Fig. 5.
δ < w: Ensemble A still radiates with the same inten-
sity at frequency ν and ensemble B now also dom-
inantly radiates at frequency ν, while radiation at
its own resonance frequency becomes negligible (for
large N). Ensemble B is synchronized to ensemble
A resulting in a plateau of Snorm(ν), cf. Fig. 5.
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FIG. 6. (a) Non-vanishing inter-ensemble correlations
Re[−〈σˆ+A σˆ−B〉] outline the synchronized parameter regime.
The dashed line w = δ separates the synchronized from the
unsynchronized superradiant regime. (b) shows the inner-
ensemble correlations 〈σˆ+B σˆ−B〉 of the slave ensemble B. For
detuning smaller than the incoherent pumping rate δ < w the
slave ensemble B is synchronized to the master ensemble A.
Here Nγ = 106Hz.
While the peak value of the normalized spectrum at
frequency ν shows a plateau in the synchronized regime
δ < w, the integrated unnormalized spectrum, that is the
total power output is still increasing for smaller detuning,
similar to the finding in section II A. In leading order in
N2 the total photon flux is given by
〈bˆ†outbˆout〉 ≈ γN2
 ∑
T=A,B
〈σˆ+T,1σˆ−T,2〉+ 2 Re
[− 〈σˆ+A σˆ−B〉]
 .
The photon flux increases for smaller detuning δ due to
increasing correlations Re[−〈σˆ+A σˆ−B〉] between the two en-
sembles as shown in Fig. 6a. In Section II A the syn-
chronized regime stretched out beyond w = Nγ up to
w = 2Nγ for vanishing detunings, cf. Fig. 3 due to the
fact that the two ensembles radiate in this regime as one
ensemble containing 2N atoms. This is not the case in
the cascaded system, see Fig. 6. For w > Nγ ensemble A
(containing N atoms) will stop emitting superradiantly
and for w  Nγ will radiate chaotic light [5]. The corre-
lations 〈σˆ+B σˆ−B〉 shown in Fig. 6b indicate that if the first
cavity would still radiate superradiantly (e.g. N larger
in the first cavity), then the synchronized regime could
also stretch beyond w = Nγ.
Analyzing the Lorentz peaks in the spectrum reveals
that the peaks at ν and ν − δ have a width
Γν
γ
=
w
Nγ
+ 1, (13)
Γν−δ
γ
=

O(N), δ ≤ w
w
Nγ
+ 1, δ > w
, (14)
which is valid up to order 1/N in the superradiant regime.
Most significantly we see that the linewidth at ν − δ for
δ ≤ w scales with N and as a result the peak effectively
vanishes for large N . This shows that ensemble B cannot
sustain radiating at its resonance frequency and radiates
instead at the frequency of ensemble A. The indepen-
dence of Γν of δ is also significant, since it means that
in the synchronized regime ensemble B is amplifying the
input signal without increasing the linewidth.
III. SYNCHRONIZATION THROUGH
CLASSICAL CHANNELS
A. Unidirectional Synchronization
One can ask the question whether the synchronization
in Section II B is dominated by quantum mechanics and
requires a quantum channel in between both cavities or
whether the same or a similar result can be achieved by
synchronizing the two clocks through a classical channel.
Synchronization or locking of the two superradiant laser
through a classical channel means that classical informa-
tion is transmitted between the two systems, rather than
quantum states of light as was considered in the previous
section.
In this section we are going to answer this questions
for a highly idealized classical channel: We will consider
phase sensitive measurements (heterodyne detection) of
the output field of one laser cavity, transmission of the
classical measurement result (the photocurrent), and in-
jection of an appropriate coherent field to the second cav-
ity. Thus, we assume a continuous-time feedback strat-
egy where the measured amplitude and phase of the field
of the first cavity is recreated with appropriate feedback
gains as a seed for the second cavity as illustrated in
Fig. 7. This measure and prepare strategy simulates the
direct injection of Section II B. Both heterodyne mea-
surement and laser are idealizations adding no techni-
cal noise, but will add quantum noise due to the gain of
classical information. From a quantum information point
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FIG. 7. Two ensembles of two level systems (A and B) cou-
pling to the cavity modes aˆ, bˆ respectively. The transition fre-
quencies |g〉 ↔ |e〉 of ensemble A and the cavity frequencies
aˆ, bˆ are ν, while ensemble B’s transition frequency is detuned
by −δ. Atoms are pumped incoherently from |g〉 to |e〉 via a
third fast decaying level (not shown in level scheme) at rate w
and decay from |e〉 to |g〉 predominantly through the cavity.
The cavities decay with rate κ and the output of cavity aˆ is
measured via an ideal heterodyne detection and then recre-
ated with an ideal laser with a certain gain and fed into cavity
bˆ. The measurement and feedback via the laser are a classical
simulation of the direct injection in Section II B.
of view we have replaced the quantum channel between
both cavities by a classical channel and local operations.
We will show that this introduces a certain level of addi-
tional noise due to the measurement, but will not change
the synchronization behavior.
This result has to be understood as an upper bound
to the quality of classical synchronization achievable
through a classical channel. Any real classical proce-
dure will actually perform worse, as it will add technical
noise in phase sensitive detection and feedback. This
will be especially relevant when attempting to synchro-
nize superradiant lasers exhibiting unprecedentedly low
linewidths.
To describe the system we use an unconditional feed-
back master equation using continuous-time heterodyne
measurements developed in [21, 22]
ρ˙ = −i [H, ρ]− i
4
[(
Fˆ+ + iFˆ−
)
sˆ+ h.c., ρ
]
+
1
2
D
[
sˆ− iFˆ+
]
ρ+
1
2
D
[
sˆ− Fˆ−
]
ρ. (15)
The operator sˆ describes the type of measurement being
performed which, for the case of a heterodyne detection,
is given by sˆ =
√
κaˆ. The heterodyne detection provides
two photocurrents I± for the phase and the amplitude
quadrature which can be used for the feedback opera-
tion. We consider Markovian and linear feedback, that
is, the photocurrents are each multiplied by suitable gains
and, in the case considered here, fed back as a coherent
driving field to the second cavity. The feedback due to
the two photocurrents I± is described by Hermitian op-
erators Fˆ± which are given by Fˆ± = g±bˆ + g∗±bˆ
† with
gain coefficients g+ = −i
√
κ and g− = −
√
κ. We choose
this particular feedback strategy as it reproduces an uni-
directional coupling identical to the one found in Eq. (7)
when inserted to the feedback master equation in (15),
ρ˙ = −i
[
Ω
2
(
J+A aˆ+ J
−
A aˆ
† + J+B bˆ+ J
−
B bˆ
†
)
− δJzB , ρ
]
+ w
∑
T=A,B
i=1...N
D
[
σˆ+T,i
]
ρ+
κ
2
[
aˆ†bˆ− h.c., ρ
]
+ κD
[
aˆ+ bˆ
]
ρ
+ κD
[
bˆ
]
ρ+ κD
[
bˆ†
]
ρ.
We added the incoherent atom pumping with rate w and
the decay of cavity field bˆ with rate κ. The coherent
dynamics is given by the atom-cavity interaction at rate
Ω/2, and the detuning of the atomic transitions −δ, as in
the previous section. The only difference to (7) are the
last to cooling and heating terms indicating additional
noise due to the measurement.
The cavity fields can again be adiabatically eliminated
considering the subtlety that cavity bˆ is now driven with
rate κ by the Lindblad terms to a thermal state with 1
mean photon. The adiabatic elimination translates the
decays of the cavity modes to a collective decay of the
atoms at rate γ = Ω2/κ
ρ˙ = iδ [JzB , ρ] + γD
[
J−A − J−B
]
ρ+
γ
2
[
J+BJ
−
A − h.c., ρ
]
+ w
∑
T=A,B
i=1...N
D
[
σˆ+T,i
]
ρ+ γD [J−B ] ρ+ γD [J+B ] ρ.
The corresponding dynamics of the expectation values is
∂t 〈σˆzA〉 = −〈σˆzA〉 (γ + w)− 2γ (N − 1) 〈σˆ+A σˆ−A〉
− γ + w
∂t〈σˆ+A σˆ−A〉 = −〈σˆ+A σˆ−A〉 (γ + w − γ 〈σˆzA〉 (N − 2))
+
γ
2
〈σˆzA〉 (〈σˆzA〉+ 1)
∂t 〈σˆzB〉 = −〈σˆzB〉 (γu+ w)− 2γ (N − 1) 〈σˆ+B σˆ−B〉
− γ + w + 4γN Re [〈σˆ+A σˆ−B〉]
∂t〈σˆ+B σˆ−B〉 = −〈σˆ+B σˆ−B〉 (uγ + w − γ 〈σˆzB〉 (N − 2))
+
γ
2
〈σˆzB〉 (u 〈σˆzB〉+ 1)
− 2γN 〈σˆzB〉 Re
[〈σˆ+A σˆ−B〉]
∂t〈σˆ+A σˆ−B〉 = 〈σˆ+A σˆ−B〉γ (N − 1) (〈σˆzA〉+ 〈σˆzB〉) /2
+ 〈σˆ+A σˆ−B〉 (iδ − vγ − w)−
γ
2
〈σˆzB〉 〈σˆzA〉
− γ
2
〈σˆzB〉
(
2〈σˆ+A σˆ−A〉 (N − 1) + 1
)
, (16)
where u = 3 and v = 2. This is almost identical to the
dynamics found for the cascaded system considered in the
previous section, Eqs. (10) and (11), which are identical
the set of equations in (16) when the parameters u and
v are set to u = 1 and v = 1. Importantly, u and v
never occur multiplied with N,w, δ and therefore do not
contribute significantly to the dynamics in the limit of
large N . This is also visible in the steady state results in
Figs. 8 and showing no visible difference to Fig. 6.
8To evaluate if ensemble B synchronizes with ensemble
A, just like in Section II B, we extract from the two-time
correlation functions the components exp (−Γντ/2) and
exp (− (Γν−δ/2 + iδ) τ). Using the solutions for 〈σˆzA〉 and
〈σˆzB〉, which are are identical to Section II B up to leading
order in 1/N , we calculate the width of these Lorentzian
peaks, giving in the superradiant regime
Γν
γ
=
w
Nγ
+ 1,
Γν−δ
γ
=
O(N), δ ≤ ww
Nγ
+ 3, δ > w
.
Just as in Section II B we see that the peak at ν − δ
for δ ≤ w gets extremely broad for large N and thus ef-
fectively vanishes. Again this means that the resonance
frequency of ensemble B is suppressed and ensemble B
synchronizes to the frequency of ensemble A. Remark-
able is that even though there is now a classical channel
between both cavities, ensemble B amplifies the input
signal in the synchronized regime without increasing the
linewidth Γν . In the unsynchronized regime δ > w the
linewidth Γν−δ is larger than in the quantum coupled
setup (14). Due to the chosen gain in the feedback op-
erators Fˆ± = g±bˆ + g∗±bˆ
† the output spectrum of cavity
bˆ has now a larger Lorentz peak at ν than at ν − δ for
large detuning δ  w. This stronger feedback gain is
necessary to simulate the same amplitude of cavity field
aˆ being injected into cavity bˆ as in Sec. II B.
From the dynamics of the expectation values (16) and
from the correlation functions in the steady state Fig. 8
we see that there is no significant difference in the syn-
chronization between the quantum and the classically
coupled setups considered in the previous and this sec-
tion, respectively. This holds in the limit of large N , that
is far above threshold of the superradiant laser where the
emitted field is essentially classical. However, it is impor-
tant to remember that our analysis is based on an ideal
heterodyne detection and feedback operations, and that
any realistic classical synchronization will perform worse.
B. Bidirectional Synchronization
In view of the results of the previous section it is worth-
while considering the question whether the synchroniza-
tion in Section II A was dependent on the coupling to
the same quantum mechanical cavity mode, or if this
synchronization also occurs when we replace this quan-
tum coupling with a classical, bidirectional coupling. In
order to address this question we consider the setup in
Fig. 9. Both cavity fields decay with rate κ˜ and are mea-
sured with ideal heterodyne measurements. The mea-
surement results are then used by an ideal lasers to recre-
ate the measured coherent state with a certain gain, giv-
ing rise to a symmetric coupling between both cavities
using classical channels. Just like in the previous section
are the heterodyne measurements and lasers are idealiza-
tions adding no technical noise and the continuous-time
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FIG. 8. (a) Non-vanishing inter-ensemble correlations
Re[−〈σˆ+A σˆ−B〉] outline the synchronized parameter regime.
The dashed line w = δ separates the synchronized from
the unsynchronized superradiant regime and is identical to
Sec. II B. (b) shows the inner-ensemble correlations 〈σˆ+B σˆ−B〉
of the slave ensemble B. Here Nγ = 106Hz.
feedback is instantaneous – i.e. Markovian. This setup
is a strategy to simulate the coupling to the same cavity
mode in Section II A with a classical (but not necessarily
technical feasible) bi-directional coupling. In this section
we will give a brief overview over our analysis and its re-
sults and refer to the Appendix for a complete derivation.
To describe this system we use the same unconditional
feedback master equation (15) twice. Once with the mea-
surement operator sˆaˆ =
√
κ˜aˆ and feedback operators
Fˆ bˆ± = g±bˆ + g
∗
±bˆ
† acting on field bˆ, and then with the
measurement operator sˆbˆ =
√
κ˜bˆ and feedback operator
Fˆ aˆ± = g±aˆ + g
∗
±aˆ
† acting on field aˆ, where g+ := g−/i.
Without loss of generality we can introduce the feedback
strength ξ with g− := −ξ
√
κ˜ and restrict the feedback
strength to ξ ∈ [0, 1), such that the resulting equations
form a stable system for the cavity fields. If ξ would be
allowed to be equal to unity or larger, the measurement
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FIG. 9. Two ensembles of two level systems (A and B) cou-
pling to the cavity modes aˆ, bˆ respectively. The frequencies
of the transitions |g〉 ↔ |e〉 are detuned by ±δ/2 from the
cavity resonance at frequency ν for ensemble A and B respec-
tively. Atoms are pumped incoherently from |g〉 to |e〉 via a
third fast decaying level (not shown in level scheme) at rate w
and decay from |e〉 to |g〉 predominantly through the cavity.
The cavities decay with rate κ˜ and the output of both cavi-
ties is measured via an ideal heterodyne detection and then
recreated with an ideal laser with a certain gain and fed into
the opposite cavity. The measurements and feedbacks via the
lasers are symmetric such that this simulates the coupling to
the same cavity mode as in Sec. II A.
& feedback would increase the amplitude of the cavity
fields and there would be no steady state with finite am-
plitudes. We can proceed with adiabatically eliminating
the cavity fields, which gives the master equation for the
atoms only
ρ˙ =
δ
2i
[JzA − JzB , ρ] +
∑
T∈{A,B}
i∈{1..N}
wD
[
σˆ+T,i
]
ρ+
∑
s=±
Ω2
2κs
×
×
(
(1 + n¯s)D
[
J−A − sJ−B
]
+ n¯sD
[
J+A − sJ+B
] )
ρ,
(17)
where κ± := κ˜ (1± ξ) and n¯± := ξ2/ (4(1± ξ)).
For ξ = 0 the second Lindblad terms drop out and the
first Lindblad terms can be transformed to show indepen-
dent decay for both ensembles. For ξ 6= 0 the the Lind-
blad terms cannot be separated for both ensembles and
for increasing ξ both ensembles couple more and more
strongly. Comparing the dynamics of 〈σˆ+A〉 with the com-
pletely uncoupled case and the completely coupled case
in Sec. II A we choose the cavity decays κ˜ dependent on
the feedback strength ξ such that both cases are simu-
lated best:
κ˜(ξ) :=
κ
(1− ξ)(1 + ξ) . (18)
From master equation (17) with the parameterization
(18) we can calculate the dynamics of the expectation
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FIG. 10. (a) Non-vanishing inter-ensemble correlations
Re[〈σˆ+A σˆ−B〉] outline the synchronized parameter regime. This
regime is reduced compared to Fig. 3, and the dashed line
wξ = δ separates the synchronized from the unsynchro-
nized superradiant regime. (b) shows the inner-ensemble cor-
relations 〈σˆ+1 σˆ−2 〉 equal for both ensembles. For detuning
smaller than the incoherent pumping rate times the feedback
strength δ < wξ both ensembles are synchronized and the
critical pumping rate is moved from w = Nγ for δ > wξ to
w = (1 + ξ)Nγ for δ = 0. Both plots use Nγ = 106Hz.
values
∂t 〈σˆz〉 = w (1− 〈σˆz〉)− γ − 〈σˆz〉 γζ
− 2γ (〈σˆ+1 σˆ−2 〉 (N − 1) + ξN Re [〈σˆ+A σˆ−B〉])
∂t
〈
σˆ+1 σˆ
−
2
〉
=
〈
σˆ+1 σˆ
−
2
〉
(−w + γ (N − 2) 〈σˆz〉 − γζ)
+
γ
2
〈σˆz〉 (1 + ζ 〈σˆz〉+ 2NξRe [〈σˆ+A σˆ−B〉])
∂t
〈
σˆ+A σˆ
−
B
〉
=
〈
σˆ+A σˆ
−
B
〉
(γ (N − 1) 〈σˆz〉 − γζ − w + iδ)
+
γ
2
ξ 〈σˆz〉
(
2 〈σˆz〉 ζ (ξ4 − ξ2 + 2)−1 + 1)
+ γξ 〈σˆz〉 〈σˆ+1 σˆ−2 〉 (N − 1) (19)
with ζ :=
(
ξ4 − ξ2 + 2) / (2 (1− ξ2)) and factorized 〈σˆz〉
from all occurring correlation functions, giving a closed
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FIG. 11. The dimensionless linewidth Γ/γ for quantum (a)
Eq. (6) and classical (b) Eq. (20) coupling with ξ = 0.6 for
leading order in 1/N . The linewidth for classical coupling
(b) is always larger than the quantum coupling, due to noise
term ζ increasing with coupling strength ξ. In the regime
far above a critical pumping the atoms radiate chaotically
[5] with a linewidth scaling with O(N), which is not plotted
here and typically many orders of magnitude larger than the
linewidth in the superradiant regime.
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FIG. 12. Pole distance ∆ of the output spectrum over the de-
tuning δ with the critical detuning at wξ, and the parameters
Nγ = 106Hz, w = 0.5Nγ, and ξ = 0.9. The dashed line is
∆ = δ.
system of equations. We could use the same short nota-
tion for the expectation values as in Sec. II A, since the
effective coupling in (17) is symmetric for both ensembles
and even recover the equations of [9], when disregard-
ing the relation between ζ and ξ and setting ζ = ξ = 1.
The steady state can now simply be calculated setting all
time-derivatives equal to zero. These algebraic equations
can be solved numerically or analytically, while filtering
out the stable solution. Fig. 10 show the expectation
values responsible for inter- and inner- ensemble corre-
lations in the steady state and they are very similar to
Fig. 3 in Section II A. The only difference is a by ξ re-
duced synchronization regime, visible in non-vanishing
inter-ensemble correlations 〈σˆ+A σˆ−B〉. The synchronized
regime for leading order in 1/N is bounded by wξ = δ
and the quarter circle (w − Nγ)2 + δ2 = (ξNγ)2 (see
Fig. 10a).
Analog to Section II A we can extract the half-width
Γ/2 of the Lorentz peaks in the spectrum from the two-
time correlation functions and use the analytical solution
for 〈σˆz〉 (see (A.6)) up to leading order in 1/N to derive
Γ/γ = ζ +
{
w−
√
w2ξ2−δ2(1−ξ2)
Nγ(1−ξ2) , 0 ≤ δ < wξ
w
Nγ , δ ≥ wξ
, (20)
which is valid in the superradiant regime. This linewidth
is plotted in Fig. 11b and compared with (6) from Sec-
tion II A plotted in Fig. 11a. The linewidth using the
classical coupling is larger than the linewidth using the
quantum coupled setup, due to the measurement induced
noise term ζ. This noise term ζ also prevents one to take
the limit ξ → 1 to approach the same synchronization
regime as in Section II A, since ζ diverges in this limit.
The striking feature of the setup in Section II A
was clear synchronization visible in the distance of the
Lorentzian peaks ∆ plotted over the bare detuning δ,
which is also reproduced here with a smaller critical de-
tuning wξ (see Fig. 12).
The results presented here show that the synchro-
nization of superradiant lasers [9, 10] is not dominated
by quantum effects, but a classical synchronization of
quantum systems. However this classical coupling setup
has a reduced synchronization regime and an increased
linewidth, even with the ideal measurements and lasers
assumed for the feedback. For any experimental realiza-
tion the lasers for the feedback would need an even lower
linewidth than the superradiant lasers. This setup is
therefore of more theoretical interest to help defining the
border between synchronization of quantum systems us-
ing classical channels and quantum systems using quan-
tum channels.
IV. DISCUSSION
We discussed if and how synchronization occurs in a
cascaded setup of master & slave superradiant atomic
ensembles, or active atomic clocks. Additionally we sim-
ulated the symmetric coupling and the cascaded coupling
with idealized classical coupling channels.
The cascaded setup in Section II B shows synchroniza-
tion of the slave ensemble to the injected frequency. The
main difference to Section II A is that the synchronization
is not apparent in the distance ∆ of the Lorentz peaks,
but in the Lorentz peak heights. In the synchronized
regime the slave ensemble radiates only at the injected
frequency, while it’s Lorentz peak at the resonance fre-
quency effectively vanishes.
In Section III A we replaced the direct injection of the
light with a measurement and feedback, introducing a
classical channel in between both cavities. The resulting
steady state equations reveal only minor changes, which
do not scale with the system size, resulting in basically
identical steady state results and the same synchroniza-
tion far above laser threshold.
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Appendix: Complete Derivation for the Bidirectional
Synchronization using a Classical Channel
In this section we give a complete derivation of the re-
sults presented in Section III B. The system (see Fig. 9) is
comprised out of two one-sided cavities, with decay rate
κ˜ and are measured with ideal heterodyne measurements.
The measurement results are then used by ideal lasers to
recreate the measured coherent state with a certain gain.
This can then be injected through the fully reflecting mir-
ror by considering the limit of vanishing transmission and
infinitely large laser gain resulting in a constant ampli-
tude of the injected signal. Since measurement and feed-
back are symmetric, they realize a symmetric classical
coupling channel between both cavities. To describe the
system we use the unconditional feedback master equa-
tion (15) twice. Once with the measurement operator
sˆaˆ =
√
κ˜aˆ with cavity decay rate κ˜ and feedback opera-
tors Fˆ bˆ± = g±bˆ+g
∗
±bˆ
†, and then with the measurement op-
erator sˆbˆ =
√
κ˜bˆ and feedback operator Fˆ aˆ± = g±aˆ+g
∗
±aˆ
†,
where g+ := g−/i. Without loss of generality we can de-
fine the feedback strength as g− := −ξ
√
κ˜ with ξ ∈ [0,∞)
giving the master equation in a rotating frame:
ρ˙ = −i
[
Ω
2
(
J+A aˆ+ J
+
B bˆ+ h.c.
)
+
δ
2
(JzA − JzB) , ρ
]
+ w
∑
T∈{A,B}
i∈{1..N}
D
[
σˆ+T,i
]
ρ+ κ˜D
[
aˆ+ ξbˆ
]
ρ+ ξ2κ˜D
[
bˆ†
]
ρ
+ κ˜D
[
bˆ+ ξaˆ
]
ρ+ ξ2κ˜D [aˆ†] ρ.
a. Stability
First it is important to recognize the stability regime
of this feedback for the parameters κ˜ and ξ. One might
think of the case where the feedback is effectively larger
than the measurement result, giving in a net amplifica-
tion and diverging amplitudes of the cavity fields. The
dynamics of the expectation values
d
dt
(〈aˆ〉
〈bˆ〉
)
= − κ˜
2
(
1 ξ
ξ 1
)(〈aˆ〉
〈bˆ〉
)
(A.1)
including only the fields is a stable system, if and only if
all eigenvalues − 12 κ˜ (1± ξ) are negative. This gives the
stability condition ξ < 1. Furthermore (A.1) shows that
for ξ = 0 the fields aˆ, bˆ are completely decoupled, while
for ξ . 1 the fields couple strongly.
b. Adiabatic Elimination
Using the reparameterization cˆ+ := (bˆ− aˆ)/
√
2 and
cˆ− := (bˆ+ aˆ)/
√
2 the Lindblad operators decouple and
drive the fields cˆ± into a thermal product state. Follow-
ing the adiabatic elimination in this reparameterization
we get the master equation for the atoms only
ρ˙ =
δ
2i
[JzA − JzB , ρ] +
∑
T∈{A,B}
i∈{1..N}
wD
[
σˆ+T,i
]
ρ+
∑
s=±
Ω2
2κs
×
×
(
(1 + n¯s)D
[
J−A − sJ−B
]
+ n¯sD
[
J+A − sJ+B
] )
ρ,
(A.2)
where κ± := κ˜ (1± ξ) and n¯± := ξ2/ (4(1± ξ)).
c. Coupling Parameterization
Two free parameters κ˜ and ξ remain in (A.2). We
would like however to have one free parameter tuning
between decoupled cavities and strongly coupled cavi-
ties simulating the setup in section II A. We can fix the
remaining free parameter κ˜ using the dynamics of the
expectation value
d
dt
〈
σˆ+A
〉
=
〈
σˆ+A
〉∑
s=±
Ω2
4κs
((N − 1) 〈σˆz〉 − 1− 2n¯s)
+
〈
σˆ+A
〉 iδ − w
2
− 〈σˆ+B〉 〈σˆz〉N∑
s=±
sΩ2
4κs
,
(A.3)
where we factorized the mean field 〈σˆz〉, and compare
it to the dynamics for uncoupled cavities and strongly
coupled cavities as in Section II A.
Uncoupled, ξ = 0: (A.3) simplifies to:
d
dt
〈
σˆ+A
〉
=
〈
σˆ+A
〉(Ω2
κ˜
((N − 1) 〈σˆzA〉 − 1)− w + iδ
)
/2
This can be compared to the top left matrix ele-
ment of (11) in Sec. II B, since (11) is was derived
using the quantum regression theorem and holds
identically also for the dynamics of (〈σˆ+A〉, 〈σˆ+B〉)T .
Considering a shifted frequency detuning ±δ/2 re-
stricts κ˜(ξ = 0) = κ.
Strongly coupled, ξ → 1: The coefficients in (A.3)
should be identical to the top left matrix element
of (5) in Sec. II A for all variables scaling with the
system size N . This gives the restriction for ξ → 1:
κ˜(ξ) =
κ
2(1− ξ) .
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For ξ very close to unity the term not scaling
with system size, 〈σˆ+A〉
∑
s=±
Ω2
4κs
(−1− 2n¯s), di-
verges and becomes dominant. This noise term
grows ∝ (1− ξ)−1 when ξ approaches the stability
border and is negligible for completely decoupled
systems and large N .
Medium coupling: Satisfying both extreme cases dis-
cussed before we can choose in between:
κ˜(ξ) :=
κ
(1− ξ)(1 + ξ) . (A.4)
d. Steady State
From master equation (A.2) with the parameterization
(A.4) we can calculate the dynamics of the expectation
values of 〈σˆz〉, 〈σˆ+1 σˆ−2 〉, 〈σˆ+A σˆ−B〉
∂t 〈σˆz〉 = w (1− 〈σˆz〉)− γ − 〈σˆz〉 γζ
− 2γ (〈σˆ+1 σˆ−2 〉 (N − 1) + ξN Re [〈σˆ+A σˆ−B〉])
∂t
〈
σˆ+1 σˆ
−
2
〉
=
〈
σˆ+1 σˆ
−
2
〉
(−w + γ (N − 2) 〈σˆz〉 − γζ)
+
γ
2
〈σˆz〉 (1 + ζ 〈σˆz〉+ 2NξRe [〈σˆ+A σˆ−B〉])
∂t
〈
σˆ+A σˆ
−
B
〉
=
〈
σˆ+A σˆ
−
B
〉
(γ (N − 1) 〈σˆz〉 − γζ − w + iδ)
+
γ
2
ξ 〈σˆz〉
(
2 〈σˆz〉 ζ (ξ4 − ξ2 + 2)−1 + 1)
+ γξ 〈σˆz〉 〈σˆ+1 σˆ−2 〉 (N − 1) (A.5)
with ζ :=
(
ξ4 − ξ2 + 2) / (2 (1− ξ2)) and factorized 〈σˆz〉
from all occurring correlation functions, giving a closed
system of equations. The steady state can now simply
be calculated setting all time-derivatives equal to zero.
These algebraic equations can be solved numerically or
analytically, while filtering out the stable solution. One
might try the limit ξ → 1 to approach the coupling in
Section II A, only to discover that the term ζ, playing the
role of a noise term, diverges. One recovers the equations
of [9], when disregarding the relation between ζ and ξ
and setting ζ = ξ = 1, which shows that the quantum
coupling has no inherent coupling noise.
e. Analysis and Comparison of the Peak Width
Analog to Section II A we can extract the informa-
tion of the Lorentz peaks from the two-time correla-
tion functions. They can be obtained by using (A.3)
and the quantum regression theorem giving a differ-
ential equation system similar to (5), which can be
easily solved. The two-time correlation functions con-
sist out of linear combinations of exponential functions
exp
(− 12 (Γ1 ± x1) τ) with x1 = √(γNξ〈σˆz〉)2 − δ2 and
Γ1 = w − γ (N − 1) 〈σˆz〉+ γζ. The width of the Lorentz
curve is nothing else but the real part Γ = Re [Γ1 ± x1].
To analyze the linewidth Γ we solve the system (A.5) up
to leading order in 1/N giving:
〈σˆz〉 =
Min
(
1,
w−
√
w2ξ2−δ2(1−ξ2)
Nγ(1−ξ2)
)
, 0 ≤ δ < wξ
Min
(
1, wNγ
)
, δ ≥ wξ
.
(A.6)
Plugging (A.6) back into Γ = Re [Γ1 ± x1] gives
Γ/γ = ζ +
{
w−
√
w2ξ2−δ2(1−ξ2)
Nγ(1−ξ2) , 0 ≤ δ < wξ
w
Nγ , δ ≥ wξ
,
which is valid in the superradiant regime, i.e. upper
bounded by 〈σˆz〉 < 1 using (A.6).
For the plots of the relevant functions and their anal-
ysis we refer to Section III B.
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